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Abstract
We consider the decay pi− → l ν¯l (l = e−, µ−) in the presence of an arbitrary large uniform
magnetic field, using the symmetric gauge. The consequences of the axial symmetry of the problem
and the issue of angular momentum conservation are discussed in detail. In particular, we analyze
the projection of both the canonical and the mechanical total angular momenta along the direction
of the magnetic field. It is found that while the former is conserved in the symmetric gauge, the
latter is not conserved in both the symmetric and Landau gauges. We derive an expression for the
integrated pi− → l ν¯l width that coincides exactly with the one found using the Landau gauge in
Ref. [20], providing an explicit test of the gauge independence of that result. Such an expression
implies that for nonzero magnetic fields the decay width does not vanish in the limit in which the
outgoing charged leptons are massless, i.e. it does not exhibit the helicity suppression found in the
case of no external field.
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I. INTRODUCTION
Recently, a significant interest has been devoted to the effect of intense magnetic fields
on the properties of strongly interacting matter [1–3]. This is mostly motivated by the
realization that strong magnetic fields might play an important role in the study of the
early Universe [4], in the analysis of high energy non-central heavy ion collisions [5], and in
the physics of stellar objects like the magnetars [6]. It is well known that magnetic fields
induce interesting phenomena, such as the enhancement of the QCD vacuum (the so-called
“magnetic catalysis”) [7] and the decrease of critical temperatures for chiral restoration and
deconfinement QCD transitions [8]. More recently, it has also been shown that an external
magnetic field can lead to a significant enhancement of the leptonic decay widths of charged
pions [9, 10].
Although several studies of weak decays of hadrons under strong electromagnetic fields
have been reported in the literature [11–14], in most works the effects of the external fields on
the internal hadron structure have not been taken into account. In the case of charged pions,
these effects have been recently analyzed in the context of chiral perturbation theory [15],
effective chiral models [16–19] and lattice QCD (LQCD) calculations [9]. The most general
form of the relevant hadronic matrix elements for the processes π− → l ν¯l (l = e−, µ−)
has been obtained through a model-independent analysis in Ref. [20], where the effect of
a magnetic field ~B on both pion and lepton wavefunctions is fully taken into account. In
particular, it is found that the vector and axial vector pion-to-vacuum matrix elements
can be parametrized in general through one and three hadronic form factors, respectively.
Taking into account the expression for the π− → l ν¯l decay width in Ref. [20], quantitative
predictions have been given in Ref. [10] for magnetic fields up to eB ≃ 1 GeV2. Those
results, based on the estimations given in Ref. [19] for the hadronic form factors and the
pion mass within an effective NJL model, show a strong enhancement of the total width
with respect to its value for B = 0. In addition, it is seen that the presence of the magnetic
field affects dramatically the ratio between muonic and electronic decay rates [10]. This is
related to the fact that the widths do not vanish in the limit of vanishing lepton masses, as
happens to be the case for B = 0.
For π− → l−ν¯l decays, the presence of an external magnetic field has also an important
effect on the angular distribution of outgoing antineutrinos. In Ref. [9], on the basis of
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some assumptions related to angular momentum conservation and chirality, it is claimed
that the momentum ~k of the antineutrino has to be parallel to the magnetic field (i.e., the
perpendicular component ~k⊥ has to be zero). This is in contradiction with the analysis in
Ref. [10], where it is found that ~k⊥ is in fact the dominant component of the momentum for
magnetic fields larger than about 0.1 GeV2. According to Ref. [20], conservation laws do
not imply ~k⊥ = 0, therefore one should integrate over all possible values of the antineutrino
momentum. At this point it should be noticed that in Ref. [20] the calculation of the
general form of the π− → l ν¯l decay width has been carried out using expressions for the
charged pion and lepton wavefunctions in the Landau gauge. Although this is in fact the
most widely chosen gauge to perform this type of calculations, it may be not the most
convenient one when dealing with arguments of angular momentum conservation, such as
those considered in Ref. [9]. As noticed in Ref. [21], the consequences of the axial symmetry of
the problem, as well as the physical meaning of angular momenta, can be better understood
if one works in the symmetric gauge. Having this in mind, the purpose of the present
work is to rederive the expression for the π− → l ν¯l decay width in the presence of a
uniform magnetic field, now considering the symmetric gauge. It is shown that this procedure
enables a detailed discussion of angular momentum conservation issues in decay processes of
magnetized charged particles. In addition, our calculation is found to confirm the expected
gauge independence of the general expression for the decay width.
This paper is organized as follows. In Sec. II we present the expressions of the different
charged fields used in our work and discuss in detail angular momentum and chirality prop-
erties. In Sec. III we obtain explicit expressions for the π± leptonic weak decay amplitudes.
We consider both the general case of an arbitrary magnetic field strength and the limit of
strong fields. Then we obtain the expression for the decay width by summing and integrat-
ing over all possible final states. Our main conclusions are presented in Sec. IV. We also
include Appendixes A, B, C and D to quote some technical details of our calculations.
II. PRELIMINARIES: CHARGED PARTICLE FIELDS UNDER A UNIFORM
MAGNETIC FIELD IN THE SYMMETRIC GAUGE
Let us start by quoting the expressions for the different charged fields considered in our
work, written in terms of particle creation and annihilation operators. We use the Minkowski
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metric gµν = diag(1,−1,−1,−1), while for a space-time coordinate four-vector xµ we adopt
the notation xµ = (t, ~r ), with ~r = (rx, ry, rz). Assuming the presence of a uniform magnetic
field ~B, we orientate the spatial axes in such a way that ~B = B rˆz, and consider the
symmetric gauge, in which Aµ = (0, ~A) with ~A = ~r × ~B/2 = (−B ry/2, B rx/2, 0). The
expressions for the charged particle fields can be obtained using the method described e.g. in
Sec. 19 of Ref. [22]. For the reader’s convenience we quote here these expressions explicitly,
since they are not commonly given in the literature (in comparison to those corresponding
to the Landau gauge). In the last subsection we discuss some issues related to the quantum
numbers of particle states.
A. Charged pion field
The charged pion fields can be written as
φsπσ(x) = φ
s
π−σ(x)
† =
∞∑
ℓ,ı=0
∫
dpz
(2π)3 2Eπσ
[
aσ(p˘) W sp¯ (x) + a
−σ(p˘)† W−sp¯ (x)
∗
]
, (1)
where Qπσ = σ|e| is the pion charge with σ = ±, s = sign(QπσB) and Be = |QπσB| = |eB|.
Note that if B > 0 then s = σ. The pion energy is given by Eπσ =
√
m2πσ + (2ℓ+ 1)Be + p
2
z.
We have also defined p¯ = (Eπσ , p˘) and p˘ = (ℓ, ı, pz), where pz is an arbitrary real number
while ℓ and ı are non-negative integer numbers. The functions W sp¯ (x) are solutions of the
eigenvalue equation
DµDµ W sp¯ (x) = −
[
E2πσ − (2ℓ+ 1)Be − p2z
]
W sp¯ (x) , (2)
where Dµ = ∂µ + isBe (rx δµ2 − ry δµ1)/2. Introducing polar coordinates ρ, φ in the plane
perpendicular to the magnetic field, their explicit form is given by
W sp¯ (x) =
√
2π e−i(Eπσ t−pzrz) e−is(ℓ−ı)φRℓ,ı(ρ) , (3)
where
Rℓ,ı(ρ) = Nℓ,ı ξ
(ℓ−ı)/2 e−ξ/2 Lℓ−ıı (ξ) . (4)
Here we have used the definitions Nℓ,ı = (Be ı!/ℓ!)
1/2 and ξ = Be ρ
2/2 , while Lαm(x) are
the associated Laguerre polynomials. It can be seen that the functions W sp¯ (x) satisfy the
orthogonality relations∫
d3rW sp¯ ′(x)
∗ W sp¯ (x) = (2π)
3 δℓℓ′ δıı′ δ(pz − p ′z) . (5)
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In addition, the creation and annihilation operators in Eq. (1) satisfy the commutation
relations
[
aσ(p˘), aσ
′
(p˘ ′)†
]
= 2Eπσ (2π)
3 δℓℓ′ δıı′ δ(pz − p ′z) δσσ′ ,[
aσ(p˘), aσ
′
(p˘ ′)
]
= 0 . (6)
Note that with these conventions the operators aσ(p˘) turn out to have different dimensions
from the creation and annihilation operators that are usually defined in absence of the
external magnetic field.
It is also useful to calculate the particle number associated with the state |πσ(p˘)〉 =
aσ(p˘)†|0〉 in a volume V . Given our gauge choice, it is convenient to consider an infinite area
in the xy plane and a finite length L along the z axis. We obtain
nπσ =
∫
V
d3r 〈πσ(p˘)| i
[
φsπσ
† ∂tφ
s
πσ −
(
∂tφ
s
πσ
†
)
φsπσ
]
|πσ(p˘)〉 = 2Eπσ(2π)2L . (7)
Note that we are normalizing to 8π2E particles per unit length, which differs from the usual
normalization ρ = n/V = 2E.
B. Charged lepton field
Assuming the same conventions for the magnetic field and considering the symmetric
gauge, for the charged lepton fields we have
ψsl (x) =
∑
τ=1,2
∞∑
n,υ=0
∫
dqz
(2π)3 2El
[
b (q˘, τ) Usl (x, q˘, τ) + d (q˘, τ)
† V −sl (x, q˘, τ)
]
, (8)
where q˘ = (n, υ, qz), El =
√
m2l + 2nBe + q
2
z and s = sign(QlB), with Ql = −|e| (thus,
Be = |QlB|). Here, qz is an arbitrary real number, while n and υ are non-negative integer
numbers. The creation and annihilation operators satisfy
{
b(q˘, τ), b(q˘ ′, τ ′)†
}
=
{
d(q˘, τ), d(q˘ ′, τ ′)†
}
= 2El (2π)
3 δττ ′ δnn′ δυυ′ δ(qz − q′z) , (9){
b(q˘, τ), d(q˘ ′, τ ′)†
}
=
{
d(q˘, τ)†, b(q˘ ′, τ ′)†
}
= 0 . (10)
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For n > 0 the spinors in Eq. (8) are given, in the Weyl basis, by
Usl (x, q˘, τ) =
√
π√
El +ml
e−i(Elt−qzrz)e−is(n−υ−1/2)φ ×

δτ,1


e−iφ/2 ε− Rns+,υ(ρ)
iseiφ/2
√
2nBe Rns−,υ(ρ)
e−iφ/2 ε+ Rns+,υ(ρ)
−iseiφ/2 √2nBe Rns−,υ(ρ)

 + δτ,2


−ise−iφ/2 √2nBe Rns+,υ(ρ)
eiφ/2 ε+ Rns−,υ(ρ)
ise−iφ/2
√
2nBe Rns+,υ(ρ)
eiφ/2 ε− Rns−,υ(ρ)



 , (11)
V −sl (x, q˘, τ) =
√
π√
El +ml
ei(Elt−qzrz)e−is(n−υ−1/2)φ ×

δτ,1


ise−iφ/2
√
2nBe Rns+,υ(ρ)
eiφ/2 ε+ Rns−,υ(ρ)
ise−iφ/2
√
2nBe Rns+,υ(ρ)
−eiφ/2 ε− Rns−,υ(ρ)

+ δτ,2


−e−iφ/2 ε− Rns+,υ(ρ)
iseiφ/2
√
2nBe Rns−,υ(ρ)
e−iφ/2 ε+ Rns+,υ(ρ)
iseiφ/2
√
2nBe Rns−,υ(ρ)



 . (12)
where ε± = El +ml ± qz. Here the integer index nsλ is related to the quantum number n
by ns± = n− (1∓ s)/2.
In the particular case of the lowest Landau level (LLL) n = 0, only one polarization is
allowed. Using the notation q˘LLL = (0, υ, pz), the explicit form of the spinors in this case
are
Usl (x, q˘LLL) =
√
π√
El +ml
e−i(Elt−qzrz)eisυφR0,υ(ρ)

δs,1


ε−
0
ε+
0

+ δs,−1


0
ε+
0
ε−



 , (13)
V −sl (x, q˘LLL) =
√
π√
El +ml
ei(Elt−qzrz)eisυφR0,υ(ρ)

δs,1


−ε−
0
ε+
0

+ δs,−1


0
ε+
0
−ε−



 . (14)
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It can be seen that the spinors satisfy the orthogonality relations∫
d3r Us(x, q˘, τ)†Us(x, q˘ ′, τ ′) =
∫
d3r V −s(x, q˘, τ)†V −s(x, q˘ ′, τ ′) = 2El (2π)
3δq˘,q˘′ δττ ′ ,∫
d3r Us(x, q˘, τ)†V −s(x, q˘ ′, τ ′) =
∫
d3r V −s(x, q˘, τ)†Us(x, q˘ ′, τ ′) = 0 ,∫
d3r U¯s(x, q˘, τ)Us(x, q˘ ′, τ ′) = −
∫
d3r V¯ −s(x, q˘, τ)V −s(x, q˘ ′, τ ′) = 2ml (2π)
3δq˘,q˘′ δττ ′ ,∫
d3r U¯s(x, q˘, τ)V −s(x˜, q˘ ′, τ ′) =
∫
d3r V¯ −s(x, q˘, τ)Us(x˜, q˘ ′, τ ′) = 0 , (15)
which are valid for both n = 0 and n > 0. We have used here the definitions δq˘,q˘′ =
δnn′δυυ′δ (qz − q′z) and x˜ = (t,−~r ).
An alternative representation of the spinors in Eq. (8), closer to the Ritus representation
often used in the Landau gauge, is given in Appendix A.
C. Commutation relations and quantum numbers in the symmetric gauge
In this subsection we discuss some properties of the operators and particle states. We
consider first the case of charged leptons. We recall that, in this case, if a physical quantity
has an associated quantum mechanical operator O, the field theoretical realization of this
operator is given by
O˜ =
∫
V
d3r : ψsl (x)
† O ψsl (x) : . (16)
Let us recall that the Dirac hamiltonian for a charged particle in a uniform magnetic field
is given by
H = γ0
[
~γ · ~P +m
]
. (17)
Here ~P is the mechanical momentum, related to the canonical momentum ~p = i ~∇ by
~P = ~p−Ql ~A , (18)
where ~A is the vector potential associated to the uniform magnetic field ~B. Although the
explicit relation between both momenta depends on the gauge choice, it is seen that ~P is a
gauge covariant quantity. For a magnetic field orientated along the z direction, the relation
[P˜j , P˜k] = iB (δj1δk2 − δj2δk1) Q˜ (19)
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is found to be satisfied (integer indices 1, 2, 3 are intended to be equivalent to x, y, z). Here,
Q˜ = Ql
∑
τ=1,2
∞∑
n,υ=0
∫
dqz
(2π)3
[
b(q˘, τ)†b(q˘, τ)− d(q˘, τ)†d(q˘, τ)] . (20)
Using the spinors defined in the previous subsection, a straightforward calculation shows
that, as expected, in the symmetric gauge one gets
H˜|l(q˘, τ)〉 = El |l(q˘, τ)〉 , H˜|l¯(q˘, τ)〉 = El |l¯(q˘, τ)〉 , (21)
where El =
√
m2l + 2nBe + q
2
z .
We introduce now the canonical orbital angular momentum operator ~l = ~r × ~p and the
spin operator ~S. Given the fact that the magnetic field breaks the rotational invariance,
only the components of these operators along the z axis are relevant. Using cylindrical
coordinates, the z components lz and Sz are given by
lz = −i ∂
∂φ
, Sz =
1
2
diag(1,−1, 1,−1) . (22)
Defining the canonical total angular momentum as jz = lz+Sz and using the spinors defined
in the previous subsection we obtain
j˜z|l(q˘, τ)〉 = j(l)z |l(q˘, τ)〉 , j˜z|l¯(q˘, τ)〉 = −j(l)z |l¯(q˘, τ)〉 , (23)
with
j(l)z = −s(n− υ − 1/2) . (24)
Thus, as expected, we see that for the charged leptons in the symmetric gauge one can
find energy eigenstates that are also eigenstates of the z component of the total canonical
angular momentum. Since the energy eigenvalues do not depend on υ, we see that, in the
symmetric gauge, a state of a given Landau level n is in general a linear combination of an
infinite set of degenerate states with well-defined quantum number j
(l)
z . This is consistent
with the fact that, in this gauge, one has
[
j˜z, H˜
]
= 0, as can be verified from the previously
given expressions for H and jz. We stress here that jz is not a gauge covariant quantity. In
the Landau gauge, for example, it is not difficult to check that j˜z does not commute with
H˜ , therefore in general it is not expected to be conserved. Turning back to the symmetric
gauge, it is worth noticing that only the canonical total angular momentum is well-defined,
i.e., energy eigenstates are not in general eigenstates of l˜z and S˜z separately.
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Associated to the mechanical momentum ~P we can define the mechanical orbital angular
momentum ~L = ~r× ~P and the mechanical total angular momentum ~J = ~L+ ~S . In the same
way as ~P , ~J is a gauge covariant operator. An explicit calculation shows, however, that for
a magnetic field along the z-axis one has[
J˜z, H˜
]
= −isBQ
∫
d3r ψ¯(x)
(
rx γ
1 + ry γ
2
)
ψ(x) , (25)
which is valid in any gauge. Hence, Jz is a gauge covariant quantity but it is not a conserved
quantity. In particular, an explicit calculation in the symmetric gauge shows that J˜z is not
diagonal in the basis of energy eigenstates.
Let us consider now the limit in which the charged lepton mass ml vanishes. This is
interesting when the magnetic field is relatively strong, say Be ≫ m2l . In the limit ml = 0
the chirality operator γ5 becomes equivalent to the helicity operator Pˆ · ~S , and commutes
with H . Consequently, one can obtain energy eigenstates of well defined chirality/helicity.
For arbitrary n > 0 they can be constructed as linear combinations of the two polarization
states. We get
|l(q˘, L)〉ch = −i
√
El − qz√
2El
|l(q˘, 1)〉ch + s
√
El + qz√
2El
|l(q˘, 2)〉ch , (26)
|l(q˘, R)〉ch = i
√
El + qz√
2El
|l(q˘, 1)〉ch + s
√
El − qz√
2El
|l(q˘, 2)〉ch . (27)
(subindices ch indicate that the chiral limit ml → 0 has been taken). On the other hand, as
mentioned above, for the LLL only one polarization is available. Thus, the states associated
with the spinors that result from taking ml = 0 in Eqs. (13) and (14) are already helicity
eigenstates. We get
γ˜5 |l((q˘LLL)〉ch = s sign(qz) |l(q˘LLL)〉ch ,
γ˜5 |l¯((q˘LLL)〉ch = −s sign(qz) |l¯(q˘LLL)〉ch . (28)
This implies that for large enough magnetic fields —such that only the LLL is relevant
and ml can be neglected— a negatively charged lepton (like the muon or the electron) is
lefthanded if B and qz are either both positive or both negative, and it is righthanded
otherwise.
We briefly consider now the pion eingenstates. Their angular momentum can be analyzed
following similar steps as before. For the canonical orbital angular momentum we get
l˜z |πσ(p˘)〉 = l(πσ)z |πσ(p˘)〉 , (29)
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with
l(π
σ)
z = −s(ℓ− ı) , (30)
where s = sign(σB). As in the case of charged leptons, the mechanical angular momentum
Lz is not a conserved quantity, thus, it is not diagonal in the basis of energy eigenstates.
III. CALCULATION OF THE pi− → l ν¯l DECAY WIDTH IN THE PRESENCE OF
AN EXTERNAL MAGNETIC FIELD USING THE SYMMETRIC GAUGE
Let us analyze the decay width for the process π− → l ν¯l, with l = µ−, e−, in the presence
of a uniform magnetic field using the symmetric gauge. For definiteness we will take B > 0 ,
i.e. s = −1. Following the notation introduced in the previous section, the initial charged
pion state is determined by the quantum numbers p˘ = (ℓ, ı, pz), the associated energy being
Eπ− =
√
m2π− + (2ℓ+ 1)Be + p
2
z. The quantum numbers corresponding to the outgoing
lepton state are taken to be q˘ = (n, υ, qz), together with a polarization index τ . In this
case the energy is given by El =
√
m2l + 2nBe + q
2
z . Finally, being electrically neutral, the
outgoing antineutrino is taken to be in the cylindrical basis discussed in Appendix B. Thus,
the associated quantum numbers are k˘ = (, k⊥, kz), where  is a non-negative integer while
k⊥ and kz are real numbers, with k⊥ > 0. The corresponding energy is Eν¯l =
√
k2⊥ + k
2
z .
A. The decay amplitude
Using the notation introduced in the previous section, the transition matrix element for
the process we are interested in is given by
〈 l(q˘, τ) ν¯l(k˘, R)|LW |π−(p˘) 〉 = −GF√
2
cos θc ×∫
d4xH−,µL (x, p˘) U¯
−
l (x, q˘, τ) γµ (1− γ5) Vνl(x, k˘, R) , (31)
where H−,µL (x, p˘) stands for the matrix element of the hadronic current,
H−,µL (x, p˘) = H
−,µ
V (x, p˘)−H−,µA (x, p˘) = 〈0|ψ¯u(x) γµ(1− γ5)ψd(x)|π−(p˘)〉 . (32)
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Following the definitions and conventions of Ref. [20], the hadronic matrix elements can be
parametrized as
H−,ǫ‖,L = H
−,0
L + ǫH
−,3
L =
√
2
(
ǫf
(V )
π− − f (A1)π−
) (D0 + ǫD3)W−p¯ (x) , (33)
H−,ǫ⊥,L = H
−,1
L + iǫH
−,2
L = −
√
2
(
f
(A1)
π− + ǫf
(A2)
π− − f (A3)π−
) (D1 + iǫD2)W−p¯ (x) . (34)
Rewriting H−,µL in terms of the parallel and perpendicular components one gets
γµ (1− γ5) H−,µL (x, p˘) =


0 0 0 0
0 0 0 0
H−,+‖,L H
−,−
⊥,L 0 0
H−,+⊥,L H
−,−
‖,L 0 0

 , (35)
with
H−,ǫ‖,L = −i
√
2
(
ǫf
(V )
π− − f (A1)π−
)
(Eπ− + ǫpz) W
−
p¯ (x) , (36)
H−,ǫ⊥,L = −ǫ
√
2
(
f
(A1)
π− + ǫf
(A2)
π− − f (A3)π−
)√
(2ℓ+ 1 + ǫ)Be W
−
p¯+ǫ(x) , (37)
where p¯+ ǫ = (Eπ−, ℓ+ ǫ, ı, pz).
Using these expressions together with the explicit form of the charged lepton and an-
tineutrino spinors (see Sec. II.B and Appendix B) we get
〈 l(q˘, τ) ν¯l(k˘, R)|LW |π−(p˘) 〉 = (2π)3 δ(Eπ− − El − Eν¯l) δ(pz − qz − kz)×
δℓ−ı,n−υ+−1M(p˘, q˘, k˘, τ) , (38)
where
M(p˘, q˘, k˘, 1) = −
√
2GF cos θc
(−i)+1√
El +ml
[
(El +ml − qz)A(p˘, q˘, k˘) +
√
2nBeB(p˘, q˘, k˘)
]
,
M(p˘, q˘, k˘, 2) =
√
2GF cos θc
(−i)√
El +ml
[√
2nBeA(p˘, q˘, k˘) + (El +ml + qz)B(p˘, q˘, k˘)
]
.
(39)
Here we have used the definitions
A(p˘, q˘, k˘) = aπ−(Eπ− + pz)
√
Eν¯l − kz I1 − dπ−
√
2ℓBe
√
Eν¯l + kz I2 ,
B(p˘, q˘, k˘) = bπ−(Eπ− − pz)
√
Eν¯l + kz I4 − cπ−
√
2(ℓ+ 1)Be
√
Eν¯l − kz I3 , (40)
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and
aπ− = f
(A1)
π− − f (V )π− , bπ− = f (A1)π− + f (V )π− ,
cπ− = f
(A1)
π− + f
(A2)
π− − f (A3)π− , dπ− = f (A1)π− − f (A2)π− − f (A3)π− , (41)
while Ii, i = 1, . . . 4 are radial integrals given by
I1 = I(ℓ, ı, n− 1, υ) , I2 = I(ℓ− 1, ı, n− 1, υ) ,
I3 = I(ℓ + 1, ı, n, υ) , I4 = I(ℓ, ı, n, υ) , (42)
where
I(ℓ, ı, n, υ) = 2π
∫ ∞
0
dρ ρ Rℓ,ı(ρ) Rn,υ(ρ) J(ℓ−ı)−(n−υ)(k⊥ρ) . (43)
The evaluation of these integrals for arbitrary particle states is given in Appendix C.
Note that, due to the δ functions appearing in Eq. (38), not all the variables in the
expressions given in Eq. (39) are independent. While the first two δ functions correspond to
the conservation of the energy and the z component of the linear momentum, the last one
leads to the relation ℓ− ı = n−υ−1/2+ −1/2. Taking into account that for antineutrinos
(in our basis) one has j
(ν¯l)
z =  − 1/2 (see Appendix B), using Eqs. (24) and (30), and
recalling that we are considering s = −1, this relation can be written as j(π−)z = j(l)z + j(ν¯l)z .
Therefore, the last δ function in Eq. (38) implies that, as expected, the z component of the
canonical total angular momentum is conserved in the decay process when the symmetric
gauge is used.
Now let us concentrate on the situation in which the decaying pion is in the lowest energy
state (LES). This corresponds to ℓ = 0 and pz = 0, i.e., p˘LES = (0, ı, 0). In this case the
radial integrals Ii get simplified. Introducing x = k
2
⊥/(2Be), we get
I
(ℓ=0)
1 = 2π (−1)n−1
x(n−1)/2√
(n− 1)! Fı,υ (x) ,
I
(ℓ=0)
2 = 0 ,
I
(ℓ=0)
3 = 2π (−1)n
x(n−1)/2√
n!
(x− n) Fı,υ (x) ,
I
(ℓ=0)
4 = 2π (−1)n
xn/2√
n!
Fı,υ (x) , (44)
where
Fı,υ(x) =
√
ı!
υ!
(−1)ı+υ x(υ−ı)/2 e−xLυ−ıı (x) . (45)
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The decay amplitudes simplify to
M(p˘LES, q˘, k˘, 1) = GF cos θc (−1)n (−i)+1 2π
√
2(Eν¯l − kz)
El +ml
x(n−1)/2√
n− 1! Fı,υ(x)×
[aπ−Eπ−(El +ml − qz)− bπ−Eπ−(Eν¯l + kz) + cπ−2Be(x− n)] , (46)
M(p˘LES, q˘, k˘, 2) = GF cos θc (−1)n+1 (−i) 2π
√
Eν¯l − kz
Be(El +ml)
x(n−1)/2√
n!
Fı,υ(x)×
{aπ−Eπ− 2nBe − (El +ml + qz) [bπ−Eπ−(Eν¯l + kz)− cπ− 2Be(x− n)]} . (47)
It is interesting at this point to consider the situation in which the magnetic field is large
enough so that the outgoing charged lepton can only be in the lowest Landau level. As
mentioned in the previous section, only one polarization state is allowed in this case. Since
we are considering s = −1, this corresponds to τ = 2. We get
M(p˘LES, q˘LLL, k˘) = GF cos θc (−i) 2π
√
2
El +ml
Fı,υ(x)×
(El +ml + qz)
√
Eνl + kz
[
bπ− Eπ− − cπ− (Eνl − kz)
]
, (48)
with q˘LLL = (0, υ, qz). We remark that, due to the δ functions in Eq. (38), the relations
qz = −kz,  = υ − ı+ 1 and kz = ±
√
(E2π− + 2Bex−m2l )2 − 8BeE2π−x/(2Eπ−) are satisfied.
Therefore, recalling that x = k2⊥/(2Be), we see that for fixed Eπ− and given definite values
of ı and υ the amplitude is a function of k⊥. Contrary to the claim in Ref. [9], we conclude
that by no means angular momentum conservation implies that k⊥ has to be zero. In fact,
one should integrate over the full range of values of k⊥ from zero to infinity to calculate the
total width.
A final observation concerns the situation in which Be ≫ m2l . In this case, we can neglect
the charged lepton mass in Eq. (48), obtaining
M(p˘LES, q˘LLL, k˘)ch = GF cos θc (−i) 2π
√
2El Fı,υ(x)×
[1− sign(kz)]
√
Eνl + kz
[
bπ− Eπ− − cπ− (Eνl − kz)
]
, (49)
where we have used that in the present case El = |kz|. As seen, while for kz > 0 the
amplitude vanishes, for kz < 0 in general it does not. This can be understood in terms of
helicity conservation. As discussed in Sec. II.C, in the limit ml → 0 for a charged lepton in
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the LLL we have (recall once again that we are considering s = −1)
γ5 |l(q˘LLL)〉ch = − sign(qz) |l(q˘LLL)〉ch . (50)
Noting that qz = −kz, we see that for kz > 0 the outgoing charged lepton would be
righthanded, which is forbidden by helicity conservation since antineutrinos are always
righthanded. This is very different from what happens in the absence of a magnetic field.
For B = 0, helicity conservation implies that the total decay amplitude of a pion at rest
must vanish as ml → 0. At large magnetic field, however, it only implies that the projection
of the antineutrino momentum in the direction of ~B must be opposite to ~B.
B. Decay width
On general grounds, the decay width for the process we are interested in is given by
Γ−l (B) = lim
L, T→∞
∑
τ=1,2
∞∑
n,υ,=0
∫
dqz
(2π)32El
dkz dk⊥ k⊥
(2π)22Eν¯l
|〈 l(q˘, τ) ν¯l(k˘, R)|LW |π−(p˘) 〉|2
2(2π)2Eπ−LT
, (51)
where T and L are the time interval and length on the z-axis in which the interaction is
active. At the end of the calculation, the limit L, T → ∞ should be taken. Using Eq. (38)
we get
Γ−l (B) =
1
16πEπ−
∞∑
n,υ,=0
∫
dqz dkz dk⊥ k⊥
(2π)2El Eν¯l
×
δ(Eπ− −El −Eν¯l) δ(pz − qz − kz) δℓ−ı,n−υ−1+
∣∣Mπ−→ l ν¯l∣∣2 , (52)
where ∣∣Mπ−→ l ν¯l∣∣2 ≡ ∑
τ=1,2
∣∣∣M(p˘, q˘, k˘, τ)∣∣∣2 (53)
and the amplitudes for τ = 1, 2 are given in Eq. (39).
Now, as it is usually done, we concentrate on the situation in which the decaying pion is
in the lowest energy state. This corresponds to ℓ = 0 and pz = 0. Moreover, as it will be
shown below, the decay width will not depend on the value of ı. The expression in Eq. (52)
can be worked out, leading to
Γ−l (B) =
1
16πE2π−
nmax∑
n=0
∫ kmax
⊥
0
dk⊥k⊥
2π
∫
dkz
2πk¯z
[
δ(kz − k¯z) + δ(kz + k¯z)
] ∞∑
υ=0
∣∣Mπ−→ l ν¯l∣∣2 ,
(54)
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where we have used the definitions
nmax =
m2π− −m2l +Be
2Be
, (55)
kmax⊥ = Eπ− −
√
m2l + 2nBe , (56)
k¯z =
1
2Eπ−
√[
E2π− − 2Be(n− x)−m2l
]2 − 8BeE2π−x . (57)
In the amplitudes we must take qz = −kz and  = υ + 1− n − ı. Using Eqs. (46) and (47)
we get
∫
dkz
2π
[
δ(kz − k¯z) + δ(kz + k¯z)
] ∞∑
υ=0
∣∣Mπ−→ l ν¯l∣∣2 = 16πG2F cos2 θc xn−1n! An(x)
∞∑
υ=0
Fı,υ(x)
2 ,
(58)
where
A
(n)
π−(x) =
[
E2π− − 2Be(n− x)−m2l
]×[
m2l
2
(n|aπ−|2 + x|bπ−|2) +Be(n− x)(n|aπ− − cπ−|2 + x|bπ− − cπ−|2)
]
+
2Be x
{
E2π−
[
n|aπ− − bπ− |2 − (n− x)|bπ− − cπ−|2
]
+ (n− x)m2l |cπ−|2
}
. (59)
To proceed we have to evaluate the sum over the charged lepton quantum number v on the
right-hand side of Eq. (58). As shown in Appendix D, one gets
∞∑
υ=0
Fı,υ(x)
2 = e−x . (60)
Using this result we arrive at the final expression for the π− → l ν¯l decay width, namely
Γ−l (B) =
G2F cos
2 θc
2π E2π−
Be
nmax∑
n=0
∫ xmax
0
dx
1
k¯z
xn−1
n!
e−x A
(n)
π−(x) . (61)
Our result agrees exactly with Eq. (52) of Ref. [20], where the calculation was carried out
using the Landau gauge. This provides an additional and explicit confirmation of the gauge
independence of our expression for the decay width. It should be noted that, since the sum
in Eq. (60) turns out to be independent of ı, the width does not depend on the charged
pion canonical angular momentum j
(π−)
z . This is to be expected due to the fact that, as
mentioned in Sec. III, j
(π−)
z is a gauge dependent quantity.
15
IV. SUMMARY AND CONCLUSIONS
In this work we study the decay width π− → l ν¯l in the presence of an arbitrary large
uniform magnetic field. We use here the symmetric gauge, as an alternative to a previous
analysis carried out in Ref. [20] where the Landau gauge was considered. The usage of the
symmetric gauge has the advantage of allowing for a better understanding of the conse-
quences of the axial symmetry of the problem, as well as for a better treatment of angular
momenta. In our analysis we introduce charged pion and lepton wave functions and spinors
in this gauge, using cylindrical coordinates. To study the conservation of angular momen-
tum, we define the canonical (jz) and mechanical (Jz) total angular momentum operators.
We find that, as expected, even though jz is not a gauge covariant quantity, it turns out to be
conserved in the symmetric gauge. On the other hand, Jz is shown to be gauge covariant but
it is not conserved in any gauge. As shown by explicit calculation [see Eq.(41)], the relevant
matrix element for the process π− → l ν¯l turns out to be proportional to a Kronecker delta
which, when expressed in terms of the jz values of the different fields, clearly reflects the
conservation of the canonical total angular momentum of the system. Using the symmetric
gauge we also obtain an explicit expression for the decay width π− → l ν¯l for the case in
which the decaying pion lies in its state of minimum energy (i.e., in the lowest Landau level,
with zero linear momentum along the direction of the magnetic field). We show that the
total width does not depend on the charged pion canonical angular momentum j
(π−)
z , a fact
that is to be expected since j
(π−)
z is a gauge dependent quantity. Moreover, it is seen that
the total width is obtained after integrating over the perpendicular momenta of the outgoing
antineutrinos, k⊥. This confirms that angular momentum conservation does not imply, as
claimed in Ref. [9], that the momentum of the antineutrino has to be necessarily parallel
to the magnetic field. In fact, it turns out that —as showed in Ref. [10] for large magnetic
fields— the ratio k⊥/
√
k2⊥ + k
2
z for outgoing antineutrinos tends to be relatively large. As
expected, the derived expression for the integrated π− → l ν¯l width coincides exactly with
the one found using the Landau gauge in Ref. [20]. This provides an explicit test of the
gauge independence of this result. It is worth noticing that such an expression implies that
for finite magnetic fields the decay width does not vanish in the limit ml → 0, i.e., it does
not exhibit the helicity suppression found in the case of no external field. As shown in the
present work, for a sufficiently large magnetic field (so that the outgoing charged lepton has
16
to be in the LLL, and its mass can be neglected), helicity conservation only implies that the
projection of the antineutrino momentum in the direction of the magnetic field should be
antiparallel to the magnetic field.
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Appendix A: Alternative representation of magnetized fermion spinors in the sym-
metric gauge
For completeness, in this Appendix we present an alternative way to express the charged
fermion spinors. This form follows quite closely the Ritus representation notation often used
in the Landau gauge (see e.g. Appendix A.3 of Ref. [20]). In fact, the spinors in Eq. (8) can
also be written as
Usl (x, q˘, τ) = N
s
q¯(x) u
s
l (q˘, τ) ,
V −sl (x, q˘, τ) = N˜
−s
q¯ (x) v
−s
l (q˘, τ) , (A1)
where q¯ = (q0, q˘), with q0 = El. The spinors u
s
l and v
−s
l are given in the Weyl basis by
usl (q˘, τ) =
1√
2(El +ml)

 (El +ml + s√2nBe τ2 − qzτ3)φ(τ)
(El +ml − s
√
2nBe τ2 + qzτ3)φ
(τ)

 , (A2)
v−sl (q˘, τ) =
1√
2(El +ml)

 (El +ml − s√2nBe τ2 − qzτ3)φ˜(τ)
−(El +ml + s
√
2nBe τ2 + qzτ3)φ˜
(τ)

 , (A3)
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where τi are the Pauli matrices while φ
(1)† = −φ˜(2)† = (1, 0) and φ(2)† = φ˜(1)† = (0, 1). They
satisfy the relations
∑
τ=1,2
usl (q˘, τ) u¯
s
l (q˘, τ) = /ˆqs +ml ,
∑
τ=1,2
v−sl (q˘, τ) v¯
−s
l (q˘, τ) = /ˆq−s −ml , (A4)
where qˆ µs = (El, 0,−s
√
2nBe, qz). In Eq. (A1), N
s
q¯(x) and N˜
−s
q¯ (x) are the symmetric gauge
equivalents of the Landau gauge Ritus functions. They are solutions of the eigenvalue
equation
/D2 Nsq¯(x) = −
[
E2l − 2nBe − q2z
]
N
s
q¯(x) , (A5)
where /D = /∂ − isBe (rxγ2 − ryγ1). The explicit form of these functions is
N
s
q¯(x) =
∑
λ=±
N sq¯,λ(x)∆
λ , N˜−sq¯ (x) =
∑
λ=±
N−sq¯,−λ(x)
∗∆λ , (A6)
where ∆± = (1± iγ1γ2)/2 and
N sq¯,λ(x) = W
s
(El,nsλ,υ,qz)
(x) , (A7)
W sq¯ (x) being given by Eq. (3). Here the integer index nsλ is related to the quantum number
n by ns± = n− (1∓ s)/2.
Appendix B: Neutrino field in a cylindrical basis
It is usual to write the neutrino field as a linear combination of operators of well-defined
linear momentum ~k. However, this is not very convenient for the purpose of the present
work. As mentioned in the main text, we are interested in dealing with the decay of charged
pions in the presence of an external field using the symmetric gauge. Thus, as in the case of
charged pions and leptons, it is more convenient to introduce an expansion of the neutrino
field using cylindrical coordinates ρ, φ and z, where z is a spacial axis parallel to the magnetic
field. We can then expand the usual plane wave functions in terms of eigenfunctions of the
z component of the orbital momentum, lz. Next, we can couple these wavefunctions to the
eigenstates of Sz (z component of the spin operator), and write the neutrino field in terms
of operators with “good” total angular momentum jz = lz + Sz. The resulting expansion
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reads
ψνl(x) =
∞∑
=0
∫
dkz dk⊥ k⊥
(2π)2 2Eνl
[
b(k˘, L) Uνl(x, k˘, L) + d(k˘, R)
† Vνl(x, k˘, R)
]
, (B1)
where k˘ = (, k⊥, kz) and Eνl = Eν¯l =
√
k2⊥ + k
2
z . Here,  is a non-negative integer number,
while k⊥ and kz are real numbers, with k⊥ > 0. In the Weyl basis, the spinors Uνl and Vνl
are given by
Uνl
(
x, k˘, L
)
= − i e−i(Eν¯l t−kzrz) e−i φ


√
Eν¯l − kz J(k⊥ρ)
i
√
Eν¯l + kz e
iφ J−1(k⊥ρ)
0
0

 , (B2)
Vνl
(
x, k˘, R
)
= −(−i) ei(Eν¯l t−kzrz) e−i φ


√
Eν¯l − kz J(k⊥ρ)
−i√Eν¯l + kz eiφ J−1(k⊥ρ)
0
0

 . (B3)
Note that, as it is clear from the explicit form of the spinors, in the expansion we have already
taken into account that neutrinos (antineutrinos) are lefthanded (righthanded). The creation
and annihilation operators satisfy{
b(k˘, L), b(k˘ ′, L)†
}
=
{
d(k˘, R), d(k˘ ′, R)†
}
= 2Eν¯l (2π)
2 δk˘,k˘′ ,{
b(k˘, L), d(k˘ ′, R)†
}
=
{
d(k˘, L)†, b(k˘ ′, R)†
}
= 0 , (B4)
where
δk˘,k˘′ = δ′
δ(k⊥ − k′⊥)
k⊥
δ(kz − k′z) . (B5)
It can be seen that the spinors in Eqs. (B2) and (B3) satisfy the orthogonality relations∫
d3r U(x, k˘, L)† U(x, k˘′, L) =
∫
d3r V (x, k˘, R)† V (x, k˘′, R) = 2Eν¯l (2π)
2δk˘,k˘′ , (B6)∫
d3r U(x, k˘, L)† V (x, k˘′, R) =
∫
d3r V (x, k˘, R)† U(x, k˘′, L) = 0 . (B7)
Using methods similar to those mentioned in Sec. II.C it can be shown that, given a set of
quantum numbers (, k⊥, kz), the eigenvalue of the total angular angular momentum operator
j˜z acting on a neutrino state is j
(νl)
z = −( − 1/2), while for an antineutrino state one has
j
(ν¯l)
z = − 1/2.
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Appendix C: The radial integral
In this appendix we quote the result for the radial integral appearing in Eq. (43). It can
be calculated using the relation (see Eq. (5) of Ref. [25])∫
dx xν+1 e−αx
2
Lν−σm (αx
2) Lσn(αx
2) Jν(xy) =
(−1)m+n
2α
( y
2α
)ν
exp
(
− y
2
4α
)
×
Lσ−m+nm
(
y2
4α
)
Lν−σ+m−nn
(
y2
4α
)
[y > 0,Re α > 0,Re ν > −1] , (C1)
together with (see Eq. (3.6.2) of Ref. [26])
Ln−υυ (x) =
n!
υ!
(−x)υ−nLυ−nn (x) , (C2)
which is valid for all the values of n and υ we are interested in. We get
I(ℓ, ı, n, υ) = 2π (−1)ı+υ
√
ı!n!
ℓ! υ!
(
k2⊥
2Be
) (ℓ−ı)−(n−υ)
2
e−
k
2
⊥
2Be Lυ−ıı
(
k2⊥
2Be
)
Lℓ−nn
(
k2⊥
2Be
)
. (C3)
Appendix D: Sum over the quantum number υ of the outgoing charged leptons
In this Appendix we will prove the validity of Eq. (60). From the definition of Fı,υ(x) in
Eq. (45) we have
∞∑
υ=0
Fı,υ(x)
2 = e−2xSı(x) , (D1)
where
Sı(x) =
∞∑
υ=0
ı!
υ!
xυ−ı Lυ−ıı (x)
2 . (D2)
We want to show that Sı(x) = e
x, for all ı ǫN. For ı = 0 one has Lυ0(x) = 1, therefore the
relation is clearly satisfied. For ı = 1, using Lυ−11 (x) = υ − x, one has
S1(x) = x +
∞∑
υ=1
xυ−1
υ!
(υ − x)2
= x +
∞∑
υ=1
[xυ+1
υ!
+
υ xυ−1
(υ − 1)! −
2 xυ
(υ − 1)!
]
, (D3)
from which S1(x) = e
x easily follows. For ı ≥ 2, let us calculate the derivative of Sı(x) with
respect to x. Using Eq. (C2) one can write
Sı(x) =
ı−1∑
υ=0
υ!
ı!
xı−υ Lı−υυ (x)
2 +
∞∑
υ=ı
ı!
υ!
xυ−ı Lυ−ıı (x)
2 . (D4)
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In this way, using the general relation
dLαn(x)
dx
= −Lα+1n−1(x) , (D5)
one has
dSı(x)
dx
=
xı−1
(ı− 1)! + S
(1)
ı (x)− 2Lı(x)L1ı−1(x) + S(2)ı (x) , (D6)
where
S(1)ı (x) =
ı−1∑
υ=1
υ!
ı!
[
(ı− υ) xı−υ−1 Lı−υυ (x)2 − 2 xı−υ Lı−υυ (x)Lı−υ+1υ−1 (x)
]
,
S(2)ı (x) =
∞∑
υ=ı+1
ı!
υ!
[
(υ − ı) xυ−ı−1 Lυ−ıı (x)2 − 2 xυ−ı Lυ−ıı (x)Lυ−ı+1ı−1 (x)
]
. (D7)
The sums in Eqs. (D7) can be worked out using the relations
αLαn(x) = xL
α+1
n (x) + (n+ 1)L
α−1
n+1(x) (D8)
and
Lαn+1(x) = L
α+1
n+1(x)− Lα+1n (x) . (D9)
For the first sum one has
S(1)ı (x) =
ı−1∑
υ=1
[
(ı− υ)Lı−υυ (x) − 2xLı−υ+1υ−1 (x)
] υ!
ı!
xı−υ−1 Lı−υυ (x) (D10)
=
ı−1∑
υ=1
[υ!
ı!
xı−υ Lı−υυ (x)
2 +
(υ + 1)!
ı!
xı−υ−1 Lı−υ−1υ+1 (x)L
ı−υ
υ (x)
− υ!
ı!
xı−υ Lı−υυ (x)L
ı−υ+1
υ−1 (x)
]
(D11)
= Lı(x)L
1
ı−1(x) − (ı− x)
xı−1
ı!
+
ı−1∑
υ=1
υ!
ı!
xı−υ Lı−υυ (x)
2 , (D12)
where we have used Lı0(x) = 1, L
ı−1
1 (x) = ı− x. The second sum is given by
S(2)ı (x) =
∞∑
υ=ı+1
[ ı!
υ!
xυ−ı Lυ−ıı (x)
2 +
(ı + 1)!
υ!
xυ−ı−1 Lυ−ı−1ı+1 (x)L
υ−ı
ı (x)
− ı!
υ!
xυ−ı Lυ−ıı (x)L
υ−ı+1
ı−1 (x)
]
=
∞∑
υ=ı+1
ı!
υ!
xυ−ı Lυ−ıı (x)
2 + Lı+1(x)L
1
ı (x)
+
∞∑
υ=ı+2
ı!
υ!
xυ−ı−1
[
(ı+ 1)Lυ−ı−1ı+1 (x)L
υ−ı
ı (x)− υ Lυ−ıı−1(x)Lυ−ı−1ı (x)
]
. (D13)
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Here one can use the relation
(n + 1)Lαn+1(x) = (n+ α + 1)L
α
n(x) − xLα+1n (x) (D14)
together with Eq. (D9) to obtain
(ı + 1)Lυ−ı−1ı+1 (x)L
υ−ı
ı (x)− υ Lυ−ıı−1(x)Lυ−ı−1ı (x) = υ Lυ−ı−1ı (x)2 − xLυ−ıı (x)2 . (D15)
Replacing into Eq. (D13) and performing an adequate change in the index of the sum it is
easy to arrive at
S(2)ı (x) =
∞∑
υ=ı+1
ı!
υ!
xυ−ı Lυ−ıı (x)
2 + Lı+1(x)L
1
ı (x) +
x
ı + 1
L1ı (x)
2 . (D16)
Now replacing the expressions for S
(1)
ı (x) and S
(2)
ı (x) in Eqs. (D12) and (D13) into Eq. (D6),
and using Eq. (D9), one obtains
dSı(x)
dx
=
ı−1∑
υ=0
υ!
ı!
xı−υ Lı−υυ (x)
2 +
∞∑
υ=ı
ı!
υ!
xυ−ı Lυ−ıı (x)
2
+L1ı (x)
[
Lı+1(x)− Lı(x) + x
ı+ 1
L1ı (x)
]
, (D17)
where the last term on the right hand side vanishes, according to Eq. (D14). Thus, taking
into account the definition of Sı(x) in Eq. (D4), it is seen that dSı(x)/dx = Sı(x). Since, in
addition, for all ı one has Sı(0) = Lı(0)
2 = 1, one obtains Sı(x) = e
x. From Eq. (D1) one
has finally
∞∑
υ=0
Fı,υ(x)
2 = e−x .
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